10. Phan tich hoi qui tuyén tinh

Vi dy 15. Dé minh hoa cho vén dé, ching ta thir xem xét nghién ctru sau ddy, ma
trong d6 nha nghién ciru do luong d cholestrol trong mau cua 18 d6i twong nam. Ti
trong co thé (body mass index) cling duge ude tinh cho mdi ddi tugng hang cong thie
tinh BMI 1 lay trong luong (tinh bang kg) chia cho chiéu cao binh phuong (m?). Két qua
do ludng nhur sau;

P§ tudi, ti trong co thé va cholesterol

Ma so ID Do tuoi BMI Cholesterol
(1d) (zge) (omi) (chol)
1 46 254 3.5

2 20 20.6 1.9

3 52 26.2 4.0

4 30 22.6 2.6

5 57 254 4.5

6 25 23.1 3.0

7 28 22.7 2.9

8 36 249 3.8

9 22 19.8 2.1
10 43 253 3.8
11 57 23.2 4.1
12 33 21.8 3.0
13 22 20.9 2.5
14 63 26.7 4.6
15 40 264 3.2
16 48 21.2 4.2
17 28 21.2 2.3
18 49 22.8 4.0

Nhin so qua sé liéu chung ta thay ngudi c6 dd tudi cang cao dd cholesterol cling
cang cao. Ching ta thir nhép s6 liéu nay vao R va v& mét biéu d6 tan xa nhur sau:

> age <- c(46,20,52,30,57,25,28,3¢,22,43,57,33,22,¢e3,40,48,28,49)
> bmi <-ci(25.4,20.6,26.2,22.6,25.4,23.1,22.7,24.%,19.8,25.3,23.2,
21.8,20.9,26.7,26.4,21.2,21.2,22.8)
chol <- ¢c(3.5,1.9,4.0,2.6,4.5,3.0,2.98,3.8,2.1,3.8,4.1,3.0,
2.5,4.46,3.2, 4.2,2.3,4.0)
darta - datz.Iirz = ¢ DOmi, chol
> d 2 <—- data.Iram e (age Il ol)
> plot{chel ~ age, pch=16

Biéu dd 18 trén diy goi v cho thidy mdi lién hé gilra dd tudi (age) va cholesterol 13 mot
dwong thing (tuyén tinh). Dé “do luomg™ méi lién hé nay, ching ta cé thé sir dung hé s6
tuwong quan (coefficient of correlation).
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Biéu do 18. Lién hé gitta dd tudi va cholesterol.

10.1 Hé so twong quan

He¢ ) twong quan (r) 1la mot chi s6 thong ke do ludng méi lién hé fuong quan gitra
hai bién '-".0 nhur gitta d9 tuéi (x) va cholesterol (y). H¢ s6 tuong quan co gia trj tir -1 dén
1. Hésbd twong quan bano 0 (hay g gan 0) co nghia la hai bién s0 khong co lién he¢ gi vdi
nhau: ngugc lai néu hé '-".0 bang -1 hay 1 ¢6 nghia 1a hai bién sé c6 mot méi lién hé tuyét
d6i. Néu gia tri cua hé sb twong quan la am (r <0) c6 nghia 1a khi x tang cao thi y giam
(va nguoge lai, khi x giam thi y tang); néu gia tri hé s twong quan la duong (r > 0) co
nghia la khi x ting cao thi y ciing tang, va khi x ting cao thi y cling giam theo.

Thue ra cé nhidu hé sé tuong quan trong thdng ké, nhung & day tdi sé trinh bay 3

hé sbé twong quan thong dung nhét: hé sé twong quan Pearson r, Spearman p, va Kendall
T.

10.1.1 Hé sé twong quan Pearson
Cho hai bién sé x va y tir # miu, hé sé twong quan Pearson duge wde tinh bang

n "
Z (Ii' - ‘;T'_J{.vi' - .?)
céng thirc sau day: r = ——=!

| \/ 3 -7 204 -

i=1

Trong d6, nhu dinh nghia phéan trén, ¥

va ¥ la gia tri trung binh cia bién s6 x va 3. DPEé udc tinh hé sé twong quan gitta d6 wdi

age va cholesterol, chiing ta ¢o6 theé sir dung ham cox (%, v) nhu sau:
> cor (age, chel)
[1] 0.936726

Chung ta ¢é thé kiém dinh gia thiét hé sé twong quan bang 0 (tirc hai bién x va y
khéng ¢6 lien h¢). Phuong phap kiém dinh nay thuong dua vao phép bién dbi Fisher ma
R da co6 san mot ham cor . test dé tién hanh viéc tinh toan.
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Pearscon's preduct-moment ceorrelation

data: =age and chel

t = 10.7035, df = 16, p-value = 1.05Be-08

alternative hypcthesis: true correlaticon is net egual to O
95 percent confidence interwval:

0.8250463 0.9765308
sample estimates:

—
-

3 1

o]
0.83672

10.1.2 Hé sb twong quan Spearman p

Hé sé tuong quan Pearson chi hop 1i néu bién s x va y tudn theo luat phan phdi
chuén Néu x va y khéng tudn theo luat phan phéi chuén, ching ta phai str dung mot he
s6 twong quan khéc tén la Spearman, mét phuong phap phan tich phi tham s. Hé sd nay
duge ude tinh bing cach I:nen ddi hai bién s6 x va y thanh thir bac (rank). va xem do
twong quan giita hai diy s6 bac. Do dd. hé sé con co tén tiéng Anh la Spearman’s Rank
correlation. R wde tinh hé sé twong quan Spearman bang ham cor.test vdi thong sb

method="spearman” nhu sau:

> cor.testi{age, chol, method="spearman")

data: age and chol

S = 51.1584, p-value = 2.57e-09

alternative hypothesis: true rho iz not egual to O
sample estimates:

0.9472

o]

h
0

n

Warning message:
Cannot compute exact p-values with ties in: cor.test.defzult(age,
chol, method = "spearman")

10.1.3 Hé so6 twong quan Kendall t

Hé sé twong quan Kendall | (cling 1a mot phwong phap phan tich phi tham s6) duge
udce tinh bang cach tim cac cap sé (x, v) “song hanh" véi nhau. Mét cap (x, ) song hanh
0 day duge dinh nghia la hi¢u (dd khac hlet) trén truc hoanh co ciung dau hiéu {ducmg hay
4m) v&i hiéu trén truc tung. Néu hai blen s0 x va y khong co lién hé voi nhau, thi s6 cép
song hanh bang hay tuong dwong véi sb cip khéng song hanh.

Bai vi ¢é nhidu cip phai kiém dinh, phuong phap tinh todn hé sé twong quan
Kendall doi hoi thoi gian ciia may tinh kha cao. Tuy nhién, néu mét dir lidu dudi 5000
ddi tuwgng thi mot may vi tinh co thé tinh toan kha dé dang. R ding ham cor.test vai
théng s6 method="kendall” dé udc tinh hé sd twong quan Kendall:
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> cor.test(age, chol, method="kencall")
Kendall's rank correlation tau

data: age and chol

z = 4,755, p-value = 1.%84e-05%

alte “na:ive hypothesis: true tau is not egual to O
san

Warning message:
Cannot compute exasct p-wvalue with ties in: cor.test.cefaultiage,
chol, :ne_hoa = "kendall")

10.2 Mé hinh cta hoi qui tuyén tinh don gian

pé tien viéc theo ddi va mo ta md hinh, goi d(j_tué-i cho ca nhin i la x; va
cholesterol 1a y;. Oddyi=1,2,3, ..., 18. Md hinh hdi tuyén tinh phat biéu rang:

y,=a+fx +s
Naéi cach khac, phuong trinh trén gia dinh rang do cholesterol cua mol ca nhan bang mat
hang sé o cong véi mot hé sd P lién quan dén d6 tudi, va mot sai sb g, Trong phuong
trinh trén, o 1a chdn (intercept, tic gla tri lic x;=0), va B 1a do ddc (slope hay gradient).
Trcmg thue té, o va B 1a hai thong s6 (paramater, con goi la regression coefficient hay hé
so hdi qui), va g 12 mot bién sd theo ludt phan phdi chun véi trung binh 0 va phuong sai

2

a.

Cac théng sO o, pva o phai dugc udce tinh tir dir ligu. Phuong phap dé udc tinh
cac thong s0 ndy 1a phuong phap binh phiwong nho nhér (least squares method). Nhu tén

goi, phuong phap binh phuong nho nhat tim gié tri o, B sao cho Z[yr. -(e+ px, ]] nho
i=]

Ilh.f‘l[. Sau vai thao tac toan, cé thé chimg minh dé dang ring, ude sé cho o va B dap tng

dieu kién do la:

m

(5,-%)(3-7)

f== vi @=7y-p%

" -

3 (5 -7)

i=l

O day, ¥ va 7 la gia tri trung binh ctia bién sé x va y. Cha v, t6i viét & va B (v6i dau
mii phia trén) 1a dé nhic nha r:!"apg déy 13 hai udc sb (estimates) cua o va B, chir khong
phai o va (B (ching ta khong biét chinh xdc o va B, nhung chi ¢é thé wdc tinh ma théi).
Sau khi d3 cé ude sé@ va B, ching ta cé thé ude tinh dd cholesterol trung binh cho timg
dé tudi nhur sau:

V. = c‘fﬂ+;§’x.

(]
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Tat nhién, y, ¢ ddy chi 14 so trung binh cho d6 tuéi x;. va phan con lai (tre y,-3,) goi la
phan dw (residual). Va phuong sai cua phan du cd thé wdc tinh nhu sau:
i
S o
s-==— (O day, s chinh la wéc so cua c”.
n—2
Ham 1m (viét tit tir linear model) trong R c6 thé tinh todn cac gid tri cia &
L e 2 - , ) A rvo M
va /3, ciing nhu s” mot cach nhanh gon. Ching ta tiép tuc véi vi du bang R nhur sau:

> Im({chol ~ ags)

Call:
Imn{formula = chol ~ age)

Coefficients:
(Intercept) age
1.08822 0.0577

Trong lénh trén, “chol ~ age” cd nghia la md ta chol 1a mot ham sb cua age. Két
qua tinh todn ctia 1m cho thiy &= 1.0892 va # = 0.05779. Noéi cach khac, vdi hai thong

s6 nay, ching ta cé thé udc tinh d6 cholesterol cho bat ¢t d tudi nao trong khoang tudi
cua mau biang phuong trinh tuyén tinh:

#=1.08922 + 0.0577% X age

Phuong trinh nay ¢ nghia 1a khi dd tudi tang 1 nim thi dd cholesterol ting khoang 0.058
mmol/L.

Thét ra, ham 1m con cung cdp cho chiing ta nhiéu thong tin khéc, nhung ching ta phai
dua cac thong tin nay vao mot object. Goi object do la reg, thi l1énh sé la:

> reg <- lmichcl ~ age)
> summary (reg)

Czll:
Im{formulz = chcl ~ age)
Residuzls:
Min 1Q Median 30 Max
2

-0.40729 -0.24133 -0.04522 0.17838 ). &3040

Coefficients:

Estimate Std. Error t walue Pri{>|t]|)
(Intercept) 1.0B8%218 0.2214%6 4.918 0.000154 #**x
z2ge 0.057788 0.0053829 10.704 1.06e-08 *xx
Signif. codes: 0 '***' (Q_QQ1 '¥**' Q.01 '*' Q.05 '." 0.1 " ' 1

Residual standard error: 0.3027 on 16 degrees of Iresdom
Multiple R-Sgquared: 0.8775, Adjusted R-sguared: 0.8698

F-statistic: 114.6 on 1 and 16 DF, p-value: 1.058=-08
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Lénh thir hai, summary (zeg), yéu cau R 1iét ké cdc thdng tin tinh todn trong reg. Phan
két qua chia lam 3 phén:

(a) Phan 1 mé ta phan du (residuals) cua mé hinh héi qui:

Residuals:
Min 1Q Median 30 Max
-0.40729 -0.24133 -0.04522 0.17939 0.&3040

Ching ta biét rang trung binh phin du phai 1a 0, va & déay, sé trung vi la -0.04. cling
khong xa 0 bao nhiéu. Céc s6 quantiles 25% (1Q) va 75% (3Q) cing khd cdn déi chung
quan sé trung vi, cho thdy phan du cua phuong trinh nay twong d6i can déi.

(b) Phén hai trinh bay udc sé cua & véﬁ cling vdi sai s6 chudn va gia tri cua kiém dinh t.
Gié trj kiém dinh t cho B 12 10.74 véi tri s6 p = 1.06e-08, cho thév p khéng phai bang 0.
Noi cach khac, ching ta co bang chirng dé cho ring c6 mdt moi lién hé giira cholesterol
va do tudi, va mdi lién hé nay cé v nghia thong ké.

Coefficients:
Estimate Std. Error t wvalue Pri{>|t])
(Intercept) 1.089218 0.2214¢¢6 4,918 0.000154 +*=*=*
age 0.057788 0.005389 10.704 1.06e-08 *w==
Signif. codes: 0 '*xx' (Q_ Q01 '**' Q.01 '*' Q.05 '." Q.1 " ' 1

(¢) Phan ba cua két qua cho ching ta thong tin vé phuong sai cua phin du (residual mean
square). O day, s 2 =0.3027. Trong két qua nay con cé kiém dinh F, ciing chi 1a mét
kiém dinh xem c6 qua that B bang 0, tic c6 v nghia twong tr nhu kiém dinh t trong phan
trén. Noi chung, trong truong hop phan tich héi qui tuyén tinh don gian (véi mot yéu td)
chung ta khéng cin phai quan tim dén kiém dinh F.

Residual standard error: 0.3027 cn

n 16 degrees of freedom
Multiple R-Sguared: 0.8775, Adjusted R-sguared: (0.8698
F-statistic: 114.6 on 1 and 16 DF, p-value: 1.058=-08

Ngoai ra, phan 3 con cho ching ta mot thong tin quan trong, do la tri s6 R? hay he
s6 xde dinh béi (coefficient of determination). Tuc la bing tong binh phuong glu'a sO udc
tinh va trung binh chia cho tong binh phuong so quan sat va trung binh., Tri m R? trong
vi du nay la 0.8775, co nghia la phuong trinh tuyén tinh (v&i do tudi 1a mét véu td) glal
thich khoang 88% cac khac biét vé do Lhﬂleﬂtem] giita cdc ca nhan. Tat nhién tri 80 R
cogiatrita 0 dén 100% (hay 1). Giatri R’ cang cao 1a mot déu hiéu cho thay mdi lién hé
gitra hai bién sé @6 tudi va cholesterol cang chit cha.

Mot hé sb ciing can dé cap o day la hé so dseu chinh xdac dinh bgi (ma trong ket
qua trén R goi 1a “Adjusted R-squared”). Day la he sé cho chung ta biét mue d6 cai tlen
ciia phuong sai phin du (residual variance) do yéu to do tudi ¢6 mét trong md hinh tuyén
tinh. Néi chung, hé sb nay khéng khdc may so vdi hé sb xéc dinh béi, va ching ta ciing
khéng can chi tim qua mic.
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Cac Gia thiét vé hoi quy tuyén tinh
Tat ca cac phén tich trén dya vao mét sb gia dinh quan trong nhu sau:

(a) x 1a mot bién sd c¢d dinh hay fixed, (“cd dinh” & day c6 nghia la khong cé sai s6t ngau
nhién trong do ludng);

(b) & phén phéi theo luat phan phdi chuén;
(c) & co gia tri trung binh (mean) 14 0
(d) & co phuong sai o7 ¢b dinh cho tit ca x;; va

(e) cac gia tri lién tuc cua & khong co lién hé twong quan véi nhau (néi cach khac, £ va &
khong co lién hé vdi nhau).

Néu cac gia dinh nay khéng duge dap tng thi phuong trinh ma chang ta udce tinh
co 1.zm dé hop 1i (validity). Do do, trude khi trinh bay va dién dich mé hinh trén, chiing
ta can phai kiém tra xem céc gia dinh trén c¢6 dap Ung dugc hay khong. Trong truong
hop nay, gia dinh (a) khong phai la 'van dé, vi do tudi khong phai 1a mot bién sd ngau
nhién, va khdng co6 sai s0 khi tinh do tuéi cua mot ca nhan.

Déi véi cac gia dinh (b) dén (e), cach kiém tra don gian nhung hiru hiéu nhit 13
bang cach xem xét mdi lién hé gitra 7, x., va phindu e, (e, =y, — 7. ) bang nhimg dd thi
tan xa.

Voilénh £itted () chungtaco thé tinh toan ¥, cho tirng cé nhén nhu Sau{ id

ddi v&i cé nhan 1,46 tum do cholestrol co thé tién doan nhur sau: 1.08922 + 0.05778
X 46 = 3.747).

> fitted(reg)
1 2 3 4 5 & 7 8
3.747483 2,.244985 4.094214 2.822869 4.383156 2,.533927 2.707292 3.169600
g 10 11 1z 13 14 15 16
2.360562 3.574118 4.383156 2.99¢234 2.3¢0562 4,72988¢ 3.400753 3.8630€0
17 18

2.707292 3.920849

Véi lénh resid () ching ta c6 thé tinh todn phén du e cho timg cd nhén nhu
sau (véi doi tugng 1, ey =3.5 = 3.74748 = -0.24748):

> residireg)

1 2 3 4 5 6
-0.247483426 -0.344985415 -0.094213736 -0.222862265 0.116844338 0.466072660
T 8 9 1a 11 1z
0.122707505 0.630400424 -0.260562185 0.22588172% -0.283155662 0.0037655789
13 14 15 le 17 8
0.139437815 -0.1292885572 -0.200753116¢ 0.336935804 -0.4072824585 0.07915141

> op <- par(mfrow

> plot(reqg)

a s& vé& cac phan du

=c(2,2))

#yeéu cau R danh ra 4 cua so

#vé€ cac do thi trong reg
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Biéu do 19. Phén tich phan dur dé kiém tra cac gia dinh trong phén tich hoi
qui tuyén tinh.

(a) D4 thi bén trdi dong 1 v& phin du e, va gid tri tién dodn cholesterol 7. D& thi nay cho

thiy céc gid tri phan du tdp chung quanh dudng y = 0, cho nén gia dinh (c), hay & co gid
tri trung binh 0, 14 ¢6 thé chip nhin dugc.

(b) B6 thi bén phai dung I vé gia tri phan dur va gia tr1 ki vong dva vao phin phéi chuan.
Chiing ta thiy cic sb phan du tap trung rat gan cac gid trl trén duong chudn, va do dé, gia

dinh (b), titc & phan phdi theo luat phan phdi chudn, ciing ¢ thé dap mg.
(¢) D6 thi bén tri déng 2 v& cin s6 phan du chudn (standardized residual) va gia tri cua

.. D6 thi ndy cho thiy khéng cé gi khac nhau gifra cde s6 phan du chudn cho cde gid tri

cia 3., va do dé, gia dinh (d), tirc & c6 phuong sai 6° ¢b dinh cho tit ca x;, cling ¢6 thé
dap img.

Néi chung qua phan tich phan du, ching ta co thé két ludn r'fmg mé hinh héi qui tuyén
tinh mé ta moi lién hé giira do tudi va cholesterol mét cach kha day du va hop 1L

M6 hinh du bao
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R

ching ta ¢6 thé v& duong bidu dién cua mdi lién hé gita do tudi va cholesterol bing lénh
zbline nhu sau (xin nhic lai object cua phéan tich 1a reg):

=
=

vlo

L'

(chol

P

age,

abline{reqg)

pch=1¢)

chil

30

T T T
40 50 BO

=ge

Biéu do 20. Pudémg biéu dién mai lién hé gita do tudi (age) vi

cholesterol.

Nhung mdi gid tri 7. duge tinh tir vde sd @ va f, ma cde ude sd nay déu co sai

s chudn, cho nén gid trj tién dodn 7, cling ¢6 sai s6. N6i cich khae, 7, chi 1a trung binh,

nhung trong thue té ¢6 thé cao hon hay thap hon tiy theo chon miu. Khoang tin ciy
95% ndy cd thé ude tinh qua R bang céc 1énh sau day:

> reg <- lmichol ~ age)

> new <- data.frame(age = seg(ls, 70, £))

> pred.w.plim <- predict.lm(reg, new, interval="prediction™)
> pred.w.clim <- predict.lm(reg, new, interval="conficence")
> chind(pred.w.clim, new)

> cbhind (pred.w.plim, new)

= 1 ge, pch=1g)

> ~ rezciage)

> linesz (rescilwr ~ resciage, col=2)

> lines (resclupr ~ resciage, col=2)

> lines (respilwr ~ respiage, col=i)

» linesz (respfupr ~ respiage, col=L)
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Biéu do 21. Gid tri tién dodn va khoang tin ciy 95%.

Biéu db trén v& gid tri tién dodn trung binh 7, (dudng thing mau den), va khoang tin ciy
95% cua gia tri nay la dudng mau do. Ngoai ra, dwomg mau xanh la khoang tin cdy cua
gia tri tién doan cholesterol cho mét d6 twdi mdn trong quan the.

10.3 M hinh héi qui tuyén tinh da bién (multiple linear regression)

Mo hinh duge dién dat qua phuong trinh v, = & + Sx. + £ c6 mot yéu to duy nhat
(d6 la x), va vi the thuimg duge goi la md hinh hoi qui tuyen tinh don gian (simple linear
regression model). Trung thue te, ching ta co thé phat trién mo hinh nay thanh nhiéu
bién, chir khéng chi giéi han mdt bién nhu trén, ching han nhu:

vi=a+ fx, By, o+ fix, g,

Chu v trong phuong trinh trén, ching ta cd nhiéu bién x (x5, x2, ... dén xg), va mdi bién ¢6
mdt thong sd ,{i'j. (j=1,2, ..., &) cén phal wde tinh, Vi thé md hinh nay con duge goi la
mé hinh héi qui tuyén tinh da bién.

Vi du 16. Chiing ta quay lai nghién ciru vé modi lién hé gitra dé tudi, bmi va
cholesterol. Trong vi dy, ching ta chi mai xét moi lién hé gifra d6 tudi va cholesterol, ma
chira xem dén méi lién hé gitra ca hai yéu to do tum vibmi vacholesterol. Bidu dd sau
déy cho ching ta thay moi lién hé giira ba bién s6 nay:
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Biéu do 22. Gia tri tién doan va khoang tin cdv 95%.

Ciling nhu gitra d6 tudi va cholesterol, moi lién hé gitta bmi va cholesterol cling gfm tudn
theo mdt dudng thing. Biéu do trén con cho ching ta thay do tudi va bmi cd lién hé v

Call:
Im{formula = chol ~ bmi)

Fesiduals:

Min 10 Median g Max
-0.9403 -0.3565 -0.1376 0.3040 1.4330
pefficients:

Estimate 3td. Error t walue Fr(>|t])
{(Intercept) =2Z.83187 1.60841 =1.761 0.09%739
bmi 0.26410 0.06861 3.84% 0.00142 ==
E\.',\.I-.if ,.,D_,\;as. FI Ie=x="l n '|:|' Te=xT "l :l T=1 n L= ! L] n r 1

k]

Besidual standard errcr: 0.6232 on 16 degrees of
Multiple R=3guared: 0.4808, Adjusted R=szcua
F-statistic: 14,82 on 1 and 16 DF ] 0

L

[

p 3
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BMI giai thich khoang 48% dd dao dong n-%: cholesterol gitra cac ca nhan. Nhung vi BMI
cling co lién he voi do toi, ching ta mudn biét néu hai yéu to nay dugc phén tich clung
mét ltc thi yéu t6 ndo quan trong hon. Dé biét anh ]mm'lg cua ca hai yéu to age (xi) va
bmi (tam goi 4 x;) dén cholesterol (v) gua mdt mé hinh héi qui tuyén tinh da bién, va md
hinh do la:

yi=a+ fx, + fix, + &,

hay phurong trinh ciing ¢é thé mé ta bing ki hiéu ma trdn: 'Y = Xp + & ma tdi vira trinh
bay trén. O diy, Y 1a mét vector vector 18 x 1, X l4 mot matrix 18 x 2 phan tir, B va mot
vector 2 X 1, va gla vector gom 18 x | phin tir. Dé udc tinh hai hé s6 héi qui, B va
B2 ching ta ciing ing dung ham 1m () trong R nhu sau:

> mreg <= lm(checl ~ age + bmi)
> summary (mreg)

Min 10 Median 18] Max
-0.3762 -0.2259 -0.053 0.16%8 0.5679
Coefficients:
Estimate Std. Error t walue Pri(>|t])
{Intercept) 0.455458 0.918230 494 0.627
age 0.054052 0.007391 7.120 3.50e=-08 *==*
bmi 0.033364 0.046B66 0.712 0.487
S3ignif. codes: O "**+' (0.001 "**' Q.01 '*" Q.03 '." Q0.1 ' " 1
Fesidual standard error: 0.3074 on 15 degrees of freedom
Multiple R-Sguared: 0.8815, hdjusted R-sguared: 0. EEE
F-statistiec: 55.77 on 2 and 15 DF, p-value: 1.132e-07

Két qua phan tich trén cho thiy ude sé & = 0.455, f = 0.054 va £, = 0.0333. Noi cach
khdc, ching ta ¢6 phuong trinh wée dodn dd cholesterol dwa vao hai bién so dd tudi va
bmi nhir sau:

Cholestercl = 0,455 + 0.054{age) + 0.0333 (bmi)

Phuong trinh cho biét khi @ tudi ting 1 nam thi cholesterol ting 0.054 mg/ L {ude ‘;:} nay
khéng khac may so véi 0.0578 trong phuong trinh chi co do tudi), va méi 1 kg/m’ léng
BMI thi cholesterol ting 0.0333 mg/L. Hai yéu t6 ndy “giai thich” khoing 88.2% (R =
0.8815} d6 dao déng cua cholesterol gilta cdc ca nhan.

Ching ta chii ¥ phuong trinh véi dd tudi (trong phén tich phéan trude) giai thich
khoang 87.7% d¢ dao dong cholesterol gilta cac cd nhan. Khi ching ta thém yéu td BMI,
h¢ s0 nay ting lén 88.2%, tic chi 0.5%. Cau hoi dit ra la 0.5% ting truong nay cd ¥
nghia théng ké hay khong. Cau tra léi ¢o thé Xem qua két qua kiém dinh yéu té bmi vdi
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tri 6 p = 0.487. Nhu ua}._, bmi khong cung cip cho ching thém thong tin hay tién doan
cholesterol hon nhitng gi ching ta da c6 tir d tudi. Noi cach khac, khi dd tudi d3 dugc
xem xet, thi anh huong cua bmi khong con ¥ nghia thﬂng ké. E)leu nay cé thé hiéu duoc,
bai vi qua Biéu d6 10.5 ching ta thay d6 tudi va bmi c6 mat méi lién h-E kha cao. Vi hai
bién nd} co lwong quan vin nhau, -::hung ta khung Lan ca hai trong phuong trinh. (Tuy
nhién, vi du nay chi ¢é tinh cich minh hoa cho viéc tién hanh phén tich héi qui tuyén tinh
da bién bing R, chir khéng cd ¥ dinh mé phong dir liéu theo dinh hudéng sinh hoe).

Residuals vs Fitted Mormal Q-0
. &
0 - e
= og g9 - - ag
] = i o
| 1 a @ ] E =] &
£ . ﬂ_'_'_'_'_\_\_\_\_n & 'E . 207
5 = - e . = | ~
g =~ — T 2
—H o o o -] 'E - — nﬁ.ﬂﬂp
; _0 o L= h"‘_: ‘T a Qo
i T T T T T T T T T
25 30 35 40 45 -2 -1 o 1 2
Fitted values Thaoretical Quantilas
Scale-Location Residusls vs Leverage
- o Y
E‘ Pe—"e_ E -
T = % o & e a = g,
) = | L B o
g = g - / o\h“—
il o o
-g N 'g - I o "a
= = [ .
o = | o Cock's digtancd®
T = T T T | — | B B B R .
25 30 35 40 45 0.0 0.10 Q.20 0.30
Fitted values Lewverags
Biéu do 23. Phin tich phin du d& kidém tra cdc gia dinh trong
phin tich hdi qui tuyén tinh da bién.

Tuy BMI khong ¢ y nghia Lhung ké trong tririmg hop nay, Biéu dé 10.6 cho thiy
céc gia dinh vé mé hinh héi gui tuyén tinh ¢6 thé dép img.

12. Phan tich hoéi qui logistic

Trong céc phin trudce \e phan tich héi qui tuyén tinh va phdn tich phuong sai,
chiing ta tim mé hinh va mbi lién hé gura mét bién phu thude lién tuc (continuous
dependent variable) va mot hay nhiéu bién doc lap (independent variable) hogc la lién tuc
hogc la khong lién tuc. Nhung trong nhiéu trudmg hop, bién phu thude khong phai la bién
lién tuc ma la bién mang tinh do ludng nhi phin: cd/khéng, mac bénh/khong mac bénh,
chét/sdng, xay ra’khdéng xay ra, v.v..., con cac bién ddc ldp co thé 1a lién tuc hay khong
lién tuc. Ching ta cling mudn tim hleu mdi lién hé gilta cac bién déc lap va bién phu
thudc.
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Vi dy 19. Trong mt nghién ciru do 16i tién hanh dé tim hiéu méi lién hé gitra
nguy co gy xuong (fracture, viét tit 1a £x) va mat d6 xwong cling mét so chi so sinh héa
khac, 139 bénh nhan nam (hay néi ding hon 1a déi tuong nghién ciru) tum tir 60 tro 1én.
Niam 1990, cic s6 lidu sau day duoc thu thip cho mdi d6i tugng: do tudi (2ge), ti trong
co thé (body mass index hay BMI), mat d6 chit khoang trong xwong (bone mineral
density hay BMD), chi s6 huy xuong ICTP, chi sb tao xwong PINP. Céc ddi tuong
nghién cuu duge theo déi trong vong 15 ndm. Trong thoi gian theo ddi, cac bénh nhén bi
giy xuong hay khéng gay xwong dugc ghi nhan. Cau hoi dat ra ban dau la c6 mot mdi
lién hé gi gitta BMD va nguy co gdy xuong hay khong. S6 lidu cua nghién ciru ndy dugc
trinh bay trong phan cudi ciia chuong nay, va sé trinh biy mot phan dudi day dé ban doc
nam duge van dé.

- 2 A qaa e - Ao A A -
Mot phan s6 liéu nghién ciru vé cac yéu to nguy co cho giy xwong

id fx age bmi bmd inp

1 1 T8 24,7252 0 8 37.383

2 1 89 25,9909 0 1 24,885

3 1 70 25,3934 1 8 40.8620

4 1 a8 23,2254 0 4 7.35 56.782

5 1 85 24,8097 0.748 &6.760 58.358

6 0 68 25.0782 0.935 4,939 67.123

7 o] 70 1%.883¢9 1.040 4,321 26.39%9

8 0 69 25,0593 1.002 4,212 47.515

3 0 Te 25,8544 0.987 5.605 26.132

10 0 7o 19.9594 0.8863 5.204 E0.267
137 0 T4 38.0762 1.086 2.043 32.835
138 1 a0 23.3887 0.875 4.0886 23.837
138 0 &7 25,9458 0.283 4,328 71.334

O day, vi bién phu thude (gay xuong) khéng duge do luong theo tinh lién tuc (ma
chi la co hay khong). cho nén phuong phap phén tich hoi qui tuyén tinh dé phén tich moi
lién he gitra bién phu thude va bién doc lap. Mat phuong phap phan tich duge phat trién
twong d6i gin day (vao thap nién 1970s) ¢6 tén 1a logistic regression analysis (hay phan
tich hdi qui logistic) ¢é thé ap dung cho trudmg hop trén.

Trong nghién ctru nay, sau 15 ndm theo ddi, ¢ 38 bénh nhén bi gdy xuong. Tinh
theo phéan tram, ti 1€ gdy xuwong la 38 / 139 =10.273 (hay 27.3%).

12.1 Mb hinh hdi qui logistic

Cho mdt tan s bién cd x ghi nhén tir n ddi tuong, ching ta cd thé tinh xac suat
cua bién ¢ do 1a:
X
p=-
H

p ¢o thé xem 1a mot chi sé do lwéng nguy co cua maot bién cb. Mgt cach thé hién nguy co
khac 13 odds (mdt danh tir, néu t6i khong lam, chi cé trong tiéng Anh — ngay ca tiéng
Phap, Puc, Tay Ban Nha ... cling khong co danh tir tvong duong vai odds). Toi tam dich

NDH

68



odds 14 kha nang. Kha ning cua mdt bién ¢é duge dinh nghia don gian bang ti s6 xac
suat bién cd xay ra trén xdc suit bién co khdong xay ra:

odds = P
I-p

Ham [logit cua odds duge dinh nghia nhu sau:

logit(p)= log(l }
Cho mét bién dge 1ap x (x ¢ thé 1a lién tuc hay khong lién tuc). mé hinh hoi qui logistic
phat biéu ring:

logit(p) = ¢+ Fx

Tuwong tu nhu mé hinh héi qui tuyén tinh, o va p 1a hai thﬁng s6 tuyén tinh can phfli Lréu.
tinh tir dL‘r liéu nghién cliru. Nhung y nghia cua théng s6 nay, dic biét la théng s6 [3, rat
khac vdi y nghia ma ta da quen voi mé hinh héi qui tuyén tinh. Pé hiéu ¥ nghia cua hai
thong s6 nay, t6i s€ quay lai vai vidu 19.

Vin dé ma chung ta mudn biét 1a maéi lién hé gilra mit dd xwong bmd va nguy co
gay xuong (£x). De tién cho viéc minh hoa, goi bmd la x, van dé ma chung ta can biet
¢6 thé viét bing ngdn ngir mé hinh nhu sau

logit( p) = log( Ja+ﬁx
\

Noi cach khac:
odds (p) = P _
I=p
N6i cach khac, mé hinh héi qui logistic vira trinh bay trén phét biéu ring méi lién
hé giira xdc suit gy xuong (p) va mat do xuong bmd la mot moi lién hé theo hinh chir S.
M& hinh trén con cho thav XAc sudt gy xuong p tuy thudc vao gia tri cua x. Thanh ra,
mé hinh trén ¢ thé viét mét cach chinh xac hon ring khd ndng giy xuong véi didu kién x
la:
odds(p|x)= e P
Khi x = xo, kha ning gay xwong la: odds(p|x=x,)=e*""®
Khix = x3— 1 (tirc ting 1 don vi tr x3), kha ning gy xuong la:
odds(p|x=x,+1)= g Al
Khi x = ap, kha niang gav xuong la: odds(p | x = xu] = g= i
Khi x = x;+ 1 (orc tAng 1 don vi tir x3), kha ning gy xuong la:

odds(p|x=x,+1)= RV EY

Va, ti s6 cua hai xac suit gy xuong:
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odds (p |x=x,+ 1] _ o= Alml)
Udr.’,{'.ﬁ'(p | = xﬂ) - Ea—ﬁx“

£

=g

Trong dich té hoc, ! dugce goi & odds ratio. Odds ratio, nhu t€n goi 14, # s6 kha nang
hay 7 56 kha di. No6i cach khac, hé s6 f trong md hinh hoi qui logistic chinh 14 ti s6 kha
di.

Phuong phap dé ude tinh théng sé trong mé hinh [3] kha phite tap (dung phuong phap
maximum likelihood — tire phuong phap Hop [ cuc dai) va khong nam trong pham vi cua
cubn sach nay, nén toi s& khong trinh bay o day (ban doc co the tham khao sach gido
khoa dé biét thém, neu can thiét). Tuy nhién, t6i mudn dé cip ngin gon la phuong phép

hop 1i cue dai cung cp cho chiing ta mot hé phuong trinh nhur sau:

i

Z;, Z[ e l

i=1

{

ZU; le ra—ﬁrIJ

i=]

Trong d6, Trong d6, y; 1a bién phu thude (gay xuong véi gia tri 0 hay 1), va x; 1a
bién ddc lap (mét do xuong), vad n 1 s6 méu. Dé tim wde sdd va ,f?, mdt trong nhiing
phép tinh hay sir dung la iterative weighted least square hay Newton-Raphson. R su
dung phép tinh Newton-Raphson dé tim hai udc so do.

Sau khi dd ¢6 udc s6 @ va f chung ta ¢é thé wdce tinh xdc suat p cho bat cir gia tri
nao cua x nhu sau (sau vai thao tac dai so):
e?h 1

f.‘r: — = ——
I+ea A _I+€—|.rr-,.'_’1'x}

Chu v t6i ding ddu mit p dé chi sd ude tinh (predicted value), chir khéng phai p 1a xac
sudt quan sat. Néu mé hinh mé ta dir liéu tot va day du, do khac biét gita p va p nho;
néu mé hinh khong thich hop hay khong tot, d§ khac biét d6 co thé sé cao. Do khac biét
gitta p va p dugce goi 14 deviance. Phuong phap tinh deviance kha phtc tap, nhung dé
khong phai la chu dé o ddy, cho nén téi chi noi qua khai ni¢m ma thoi. Khi ching ta co

nhiéu mé hinh dé mé phong mét hay nhiéu méi lién hé, deviance co thé GUUL str dung dé
danh gia su thich hgp cua mét mé hinh, hay dé chon mot mé hinh “tdi wu

12.2 Phan tich héi qui logistic bang R

Béy gior, chiing ta quay lai véi vi du 1, ding sé liéu trong Bang 12.1 dé ude tinh
hai thong so « va f bang R. Trude hét chung ta phai nhdp toan bd so liéu vao mot data

frame, va cho mgt cai tén, ching han nhu fracture. Trong truong hop cua o1, dir ligu
dugce chira trong directory c:'works'stats dudi tén fracture. txt, do do, cac lénh sau

déy can thiét dé nhap sé liéu:
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ALy

> zetwd (Mo /works/=tats")
# nhi3p s8 lidu va cho vioc mdt data frame tén fracture
"y

> fracture <- read.table(“fracture.txt”, header=TRUE, na.string=".

i A P o 1a i & - s -
# kié&m tra ®em cd bao nhiéu pbién t’;’:l:".g ax l'_ei_'l Iracture

> names (fracture)
:1: Ilid" Frfxll IlagE" “-':':.i” Hbmd“ Ilic:p“ "":)i:-l.F

# Chon nhiing bé&nh nhan cé didy do sé liéu chc phi&n tich

> fulldatas <= nz.omit(fracture)
> attach(fulldata)

Hai bién ma chung ta quan tam trong vi du nay 1a: £x (giy xuong) va bmd (mét do
xuwong). Ching ta kiém tra xem c6 bao nhiéu bénh nhdn gay xuong:

> table (fx)
fx

0 1
101 38

Ké dén, xem mit d§ xuong trong nhom gay xuwong va khong piy xuwong ra sao:

Ké dén, xem mét dd xuong trong nhém giy xuong va khéng gly xuong ra sao:
> tapply(bmd, Ix, mean)

0.9644851 0.201666
> boxplot (bmd ~ Ix,

xlab="Fracture: lsyes, I=no)”,
ylab="EMD")

a
—
E L
5 i .
i
H a
i — T
H H
H
= '
- P
H
= i .
= ' |
H ]
s |
i :
' i
NI S—
R a

Fractunc 1=yas, 0=na)
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Két qua trén cho thay, bmd trong nhém benh nhdn bi gdy xuong thap hon so véi nhom
khong bi gdy xuong (U.QD va 0.94). Vi, kiém dinh t sau day cho thiy murc d§ khac biét
nay khong ¢d y nghia thong ké (p = 0.15).

> t.test (bmd~fx)
Welch Two Sample t-test

data: bmd by fx

t = 1.4372, df = 53.852, p-wvalus = 0.1508
alternative hypothesis: true diffsrence in means is not egual to O
85 percent confidence interwval

-0.01609226 (0.10172%922

sample estimates:
mean in group 0 mean in greoup 1
0.9444851 0.9016667

Dé ude tinh théng sb trong mo hinh [4], ham sd glm (viét tat tir generalized
linear model) trong R ¢d thé ap dung, véi “ci phdp™ nhu sau:

> logistic <- glmifx ~ bmd, family="binomial”)
> summary (logistic)

glm(formula = fx ~ bmd, family = "pinomial")
Deviance Residuzals:
Min 10 Median 3Q Max
-1.0287 -0.8242 -0.7020 1.3780 2.0709

Coefficients:

Estimate Std. Error z wvalue Pri{>|z|)
(Intercept) 1.06e3 1.342 n.782 D.428
bmd -2.270 1.455 -1.580 0.119

(Dispersion parameter for binomizl family taken to be 1)

Null deviance: 157.81 on 136 grees cf freedom
Residual dewviance: 1535.27 on 135 egrees of Irsedom
ATC: 15%8.27
Number of Fisher Scoring iteraticns: 4
Toi sé lan luogt giai thich cac két qua trén:
(a) Trong lénh lcgistic <- glm(fx ~ bmd, family="binomizl”) ching ta yéu cau

R phén tich theo md hinh £x la mdt ham s6 vdi omd nhu mo hinh [4]. Trong glm ¢6
nhiéu ludt phén phdi, ma trong d6 phan phoi nhi phan (binomial) 1a mét ludt phén
phoi chudn cho hai qui logistic. Do do, family="binomial” can thiét cho R.

(b) Deviance: phan thur nhat cua két qua cho biét qua vé deviance.
Deviance Residuzals:

Min 1Q Median 3Q Max
-1.0287 -0.8242 -0.7020 1.3780 2.0708

NDH 72



Deviance nhu giai thich trén phan anh d6 khac biét gitta mo hinh va dir li¢u (cting tuong
ty nhu mean square residual trong phan tich hdi qui tuyen tinh vay). Qm vol mot md
hinh don 1€ nhu vi du nay thi gia tri cua deviance khong c6 v nghia gi nhiéu.

(¢) Phin ké tiép cung cip udc sé cia & (ma R dattén la intercept) va f (bmd) va
sai s0 chuan (standard error).

Coefficients:

Estimate Std. Error z value Pri{>|z|)
(Intercept) 1.063 1.342 0.792 0.428
omd -2.270 1.455 -1.5¢0 0.119

Qua két qua nay, ching ta cé &= 1.063 va ,6‘ =.2.27. Udc sd ,6‘ la sd am cho thdy moi
lién hé gilta nguy co gdy xwong va bmd 1a méi lidn hé nghich dao: xdc sudt gy xuong
tang khi gia tri cia bmd giam. Tuy nhién, kiém dinh z (tinh bang cach lay udc sé chia
cho sai s6 chuén) cho chiing ta thiy anh huong cuia bmd khéng cé y nghia théng ké, vi tri
sop=0.119.

Nhé rang ti s6 kha di (odds ratio hay viét tat la OR) chinh 12 ™" = 0.1033. Noi cach
khac, khi bmd tang 1 g.-"cm2 (don vi do luong cua bmd la g.-"cmz) thi ti s6 OR giam 0.9067
hay 90.67%. Nhung ting | g.-"cmz la mat dé r:?it_cao trong xuong va khong thue 8. Cho
nén mat cach tinh khéc 1a tinh trén dé léch chuan (standard deviation) cua bmd. Ching

ta s& tim hiéu do léch chuin cua bmd:

> sd{bmd)
[ 0.1406

43

L

[a—

Do d6. OR sé tinh trén méi 0.14 g.-"'cmj. Va OR cho méi do 1éch chuﬁn, do do. la:

Tirc 13, khi bmd tang madt do 1éch chuan thi ti sé kha di gay Xuong glam khoang 28%.

Ciing c6 thé néi cach khdc, 1a khi bmd gidm mot do 1éch chudn thi ti sé kha di ting
270130 = 1 376 hay khoang 38%.

Mot cach khac dé biét anh huong cua bmd la udce tinh xac suat gady xuong qua phuong
trinh:
el.m‘:3—2.27[ bmd |

P= 1063227 bmd )
[ 4+ g 00322l

Theo do, khi bmd =1.00, p=0.23. Khibmd =0.86 (tirc giam | d¢ léch chuén), p=
0.291. Tirc 1a, néu BMD giam 1 d6 léch chudn thi xac sudt gy xwong tang 0.291/0.23 =
1.265 hay 26%5.
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(d) Phan cudi cua két qua cung cap deviance cho hai mé hinh: md hinh khdéng cd bién
déc ldp (null deviance), vd mo hinh vdi bién ddc 1ap, trc 1d bmd trong vi du
(residuzl deviance).

Null dewviance: 157.81 on 136 degrees of freedom
Residual deviance: 135.27 on 135 degrees cf freedom
AIC: 15%9.27

Qua hai sb nay, chiing ta thiy bmd anh huong rit thap dén viédc tién dodn giy
xuong, chi lam giam deviance tir 157.8 xudng con 155.27, va mire d¢ giam nay khong co
v nghia thong ké.

Ngoai ra, R con cung cap gia tri ciia AIC (Akaike Information Criterion) dugc
tinh tir deviance va bac tu do. T6i s€ quay lai v nghia cua AIC trong phan sap dén khi so
sanh cac mo hinh.

12.3 Uéc tinh xac suat bang R

Xin nhac lai trong phan tich trén, ching ta cho cdc két qua vao ddi twong
logistic. Trong ddi twong ndy cé nhiéu théng tin ¢é ich, nhung néu mudn xem cic
théng tin nay ching ta phai ding dén cdc 1énh nhu summary chang han. Trong phin
nay, toi s€ trinh bay maét vai ham dé xem xét cac thong tin lién quan dén viée tién doan
X4c suat.

e predict ding dé liét ké cdc gid tri udc tinh (predicted values) cia mé hinh

\
lug( ‘ =a+ fx cho ting bénh nhan.
\=p)

> predict{logistic)

1 2 3 4 5 &
2.377576584 1.085694014 -2.141117756 1.492824115 0.96537994¢ -0.941253280
7 ] 9 10 11 12
=1.733686514 =1.675645430 -0.665282857 =0.50704612% -0.0941854868 =-0.648740481

Céc sb trén 1a log(p / (1 — p)), tic log odds, khong cd v nghia huc & bao nhiéu. Ching ta

1.063=2 27 hmd' )
& L J

mudn biét gid tri tién dodn xdc sudt p tinh tir phurong trinh p = —aT
l+e

Dé co gid tri

nay cho ting bénh nhan, ching ta cho thong s0 type="response” vao ham predict

nhu sau:

> predic

—

logistic, tvpe="reswponse")

1 2 3 4 5 & 7
0.91510135 0.74757001 0.1051e4le 0.81850178 0.72419767 0.28064726 0.15011c64
8 9 10 11 12 13 14
15767285 0.33955387 0.37588624 0.28052582 0.34327343 0.44305196 0.2383077¢6



Cac so trén 1a log(p / (1 — p)), tic log odds, khéng ¢é ¥ nghia hue t& bao nhiéu. Ching ta
1.063=227( hund ) _

mudn biét gid tri tién doan xéc sudt p tinh tir phuong trinh p = . Pé co gia tri

l+e

nay cho tirg bénh nhin, ching ta cho thong sé type="response” vao ham predict

nhu sau;

1.063=2 27 bmd )

> predict(logistic, type="response")
1 2 3 < 5 ] 7
0.91510135 0.74757001 0.10516416 0.81650178 0.7241%767 0.28064726 0.15011664
8 9 10 11 12 13 14
0.15767295 0.33955387 0.37588624 0.28052582 0.34327343 0.443051%6 0.23830776

Trong két qua trén (chi in mdt phan) ude tinh xdc sut gdy xuong cho bénh nhéan 1 1a
0.915, cho bénh nhéan 2 14 0.747, v.v...

e Ching ta cd thé xem xét cac gia tri tién dodn nay vdéi dd bmd bang cach ding ham
plot théng thudng:

> plot (bmd, fitted(glm{fx ~ bmd, family="bincmial”™))}
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Xdc sudt tién dodn gdy xuong (truc tung) va do bmd (truc
hoanh) qua mé hinh hoi qui logistic.
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Biéu dé trén ¢6 thé cai tién bang cach cho cdc khoang céch gia tri bmd gén nhau hon
(nhu 0.50, 0.55. 0.60, ..., 1.20 chdng han), va dung duong biéu dién thay vi ding dau
chdm. Céc 1énh sau ddy s& cai tién biéu do.

=5r N A

ho fnbmd 4 » 0.50,0.5%5,0.6,...,1.2
d) #cho vao mdt dataframe moi
new.data, type="response’”)
!

new.data <-
predicted <- predi

d
fnbmd <- seg (0.3, 1.2, 0.0
o)
Log
plot (predicted ~ fnbm

VOWOWON W

predicied
0.30

015
1

friomd

Xac suat tién doan gay xuong (truc tung) va do bmd (truc
hoanh) gua md hinh hoi qui logistic.
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